We study the two-centred AdS 7 × S 4 solution of eleven-dimensional supergravity using the Euclidean path-integral approach, and find that it can be interpreted as an instanton, signalling the splitting of the throat of the M5 brane. The instanton is interpreted as indicating a coherent superposition of the quantum states corresponding to classically distinct solutions. We discuss the potential implications of this result for the dual (2, 0) superconformal field theory on the M5 brane, and argue that the splitting must be suppressed in M theory if the AdS/CFT correspondence holds. We also argue that similar instantons should exist for other branes in ten-and eleven-dimensional supergravity. The counterterm subtraction technique for gravitational instantons, which arose from the AdS/CFT correspondence, is examined in terms of its applicability to our results. Connections are also made to the work of Maldacena et al on anti-de Sitter fragmentation.
Introduction
Several years ago, Brill [1] considered an instanton connecting AdS 2 × S 2 to a geometry containing two or more AdS 2 × S 2 centres. Since AdS 2 × S 2 is the near-horizon geometry of the extremal Reissner-Nordström black hole, Brill argued that the instanton describes the semi-classical splitting of the AdS 2 × S 2 throat into two or more throats. It is well known that the extremal Reissner-Nordström black hole, and independently its throat AdS 2 ×S 2 , can be considered as supersymmetric solutions of four-dimensional supergravity. In ten and eleven dimensions there exist analogous supersymmetric solutions of the supergravity action with anti-de Sitter near-horizon geometry, such as the D3 (AdS 5 × S 5 ), M2 (AdS 4 × S 7 ) and M5 (AdS 7 × S 4 ) branes. The natural question which then arises is whether the fragmentation process also occurs here in the context of string or M theory.
One might argue that fragmentation is forbidden on the grounds that each of these AdS p+2 × S D−p−2 spacetimes is a supersymmetric solution of supergravity in D dimensions, and thus stable. However, rather than indicating an instability, the existence of such an instanton indicates a quantum superposition of states. One expects that each classical solution of string or M theory is an approximation to the corresponding quantum state. Here we will consider the family of classical solutions with n AdS p+2 ×S D−p−2 centres 1 (for given p and D), which can be thought of as analogous to the classical vacua of Yang-Mills theory labelled by winding numbers n. In four-dimensional Yang-Mills theory, the existence of instantons connecting two vacua with two given winding numbers is interpreted as meaning that the true quantum vacuum, often referred to as the theta vacuum, is a linear superposition of the quantum states associated to each of the classical vacua. By analogy, we should interpret the instanton as indicating that the quantum state |ψ n associated to the n-centred AdS p+2 × S D−p−2 geometry is not necessarily an exact eigenstate of the M theory "Hamiltonian". Instead we expect an exact eigenstate to be a coherent superposition of all the states {|ψ n }. This will be discussed in more detail in section 6.
In this paper we identify, analogously to the four-dimensional case, an instanton which interpolates between the near-horizon AdS 7 × S 4 geometry of the M5 brane and the "near-horizon" 2 two-centred AdS 7 ×S 4 geometry of the two-centred M5 brane. The standard procedure, which we follow, is to use the Euclidean path integral approach to quantum gravity [3] . We will be interested in contributions to the zero-temperature vacuum amplitude, given by the path integral Z = D[φ]e −I [φ] (1.1) over all fields φ which are real on the Euclidean section and with boundary conditions appropriate to the zero-temperature vacuum, and where I is the Euclidean action.
In the semi-classical approximation, these contributions correspond to gravitational instantons, that is, nonsingular and geodesically complete solutions of the Euclidean equations of motion with finite action. The Euclidean action is defined, for a metric g ab and (p + 1)-form gauge potential A p+1 on a D-dimensional manifold M with boundary, as
R is the Ricci scalar of the metric, F p+2 = dA p+1 is the (p + 2)-form field strength, h ab is the induced metric on the boundary, K is the extrinsic curvature, and κ 2 D = 16πG D 1 We will henceforth refer to these as n-centred AdS p+2 × S D−p−2 , although note that the geometry for n = 1 is not strictly a direct product, only approaching one-centred AdS p+2 × S D−p−2 asymptotically. 2 We mean this in the sense of [2] where the limit L p → 0 is taken, and L p is the Planck length
where G D is the D-dimensional gravitational constant. The surface integral is necessary in order to obtain an action which depends only on first derivatives of the metric and not normal derivatives to the boundary [4, 5] , and ensures that the variational principle is well-defined. Finally, I 0 [h] is another surface term which depends only on the induced metric h ab , and whose purpose will become clearer below.
Since the volume of anti-de Sitter space is infinite, the action (1.2) evaluated on an asymptotically AdS p+2 × S D−p−2 space generally diverges. A common solution to this problem is to first regularise the action by imposing cut-offs, and then subtract the action I 0 of a background which acts as a "zero-point" and contains the same infrared divergences [6, 7] . This zero-point action must be written as a surface integral and corresponds exactly to the term I 0 [h] in (1.2) above. However this background subtraction technique is not in general well-defined. If for a particular geometry there exists a reference background with the same intrinsic metric on the boundary, the process works. Unfortunately, one cannot always find such a reference background. This is indeed the case for the multi-centred AdS p+2 × S D−p−2 spacetimes.
The counterterm approach [8, 9, 10] , which was motivated by the AdS/CFT correspondence [11, 12, 13] , provides an alternative and well-defined procedure. Since the partition function of the string theory is conjectured to be equal to the generating functional of the dual conformal field theory, one can remove the divergences in the supergravity action by adding local counterterms on the boundary, giving a manifestly-finite, renormalised on-shell action. These local counterterms are proportional to surface integrals of the induced metric, and hence also take the form of the term I 0 [h] in (1.2). As a side-remark, a consequence of this is that any interpolating, nonsingular, asymptotically AdS solution of the Euclidean field equations will have finite action, and can be interpreted as a gravitational instanton.
Much of the literature on using counterterm subtraction in Euclidean quantum gravity has focused on gauged supergravities obtained by reduction on a sphere of the ten-or eleven-dimensional theory. However, the multi-centred AdS p+2 × S D−p−2 solutions are warped geometries, due to the choice of direction connecting the two centres. This means that, as far as we are aware, the D-dimensional theory cannot be consistently reduced to a (p + 2)-dimensional gauged supergravity, and thus the existing counterterms in [14] for asymptotically AdS spaces cannot be faithfully applied. An alternative would be to attempt to formulate the counterterms directly in the higher dimensions, as was done in [15] for the Polchinski-Strassler solutions in Type IIB supergravity. This will be discussed further in section 4.
In the next section we will review the work of Brill on AdS 2 × S 2 , and in section 3 we present the AdS 7 × S 4 instanton for the M5 brane using background subtraction. We will also compare our results with the claim in a paper by Maldacena et al [2] that brane creation by the field strength in supersymmetric AdS spaces occurs only for AdS 2 . In section 4 we examine the limitations of the background subtraction procedure, and discuss how these might be overcome by suitable counterterm regularisation. Section 5 contains preliminary results for the M2 and D3 branes, and a more conclusive result for the D1/D5 system discussed with reference to the counterterm procedure. We also briefly speculate on nonconformal D branes and the NS5 brane. In the concluding section, we comment that our result for the M5 brane implies the superposition of distinct quantum vacua in the dual six-dimensional N =(2,0) superconformal field theory, in contradiction to the cluster decomposition principle, and speculate that this may be resolved by M theory. Note that all quantities, unless otherwise stated, will be presented in Euclidean signature.
The Brill Instanton
For a one-form potential and metric in four dimensions, the supergravity action (1.2) reduces to
One family of solutions to this action is the metric and two-form field strength
where H is a harmonic function on E 3 and '⋆ 3 ' is the Hodge dual also on E 3 . One recovers (one-centred) AdS 2 × S 2 from the metric (2.2) by choosing
where b is a constant and x represents Cartesian coordinates on E 3 . The apparent singularity at x = 0 is a nonsingular horizon of the metric (2.2). In fact, the metric represents the near-horizon limit of the extremal Reissner-Nordström black hole with charge and mass b. Since the gravitational attraction between extremally charged black holes is balanced by the electric repulsion, another choice is the multi-centred harmonic function
This corresponds to n black holes each of charge (of equal sign) b k centred at x = x k . Geometrically one has a spacetime which tends asymptotically to AdS 2 ×S 2 with radius b k whenever one of these centres is approached, that is, as x → x k , and to AdS 2 × S 2 with radius b 1 + . . . + b n as the outer boundary |x| → ∞ is approached. This ncentred AdS 2 × S 2 spacetime thus interpolates between the n + 1 AdS 2 × S 2 spaces. In the following we will restrict ourselves to the two-centred case n = 2, however, it is straightforward to extend the analysis to general values of n.
Let us now, following Brill [1] , compute the Euclidean action (2.1) for the twocentred AdS 2 × S 2 geometry. As mentioned in the introduction, one expects the result to be infrared-divergent since AdS is noncompact. We will thus background subtract the reference action of one-centred AdS 2 × S 2 in order to obtain a finite, meaningful result.
The metric equation of motion demands that the Ricci scalar vanishes in the action (2.1), reducing the bulk term to an integral of the two-form field strength. The sourcefree equation of motion d * F 2 = 0 for the field strength implies that one can writẽ F 2 ≡ * F 2 = dÃ, for a one-form potentialÃ. So the bulk term can be converted into a purely surface integral
since dF 2 = 0 by the Bianchi identity. Note that althoughÃ is only specified up to a gauge transformation, the surface integral above is obviously gauge-invariant.
In spherical coordinates on E 3 such that
the two-centred harmonic function takes the form
where r 2 1 = r 2 + a 2 + 2ar cos θ, r 2 2 = r 2 + a 2 − 2ar cos θ.
(2.9)
The two-form field strength, its dual and associated one-form potential are given by
Since the boundary of AdS lies at r = ∞ in these coordinates, we need to regularise the action by introducing an upper cutoff R on the radial integration, and making time periodic with period β, then taking the limit R → ∞ followed by β → ∞ after performing background subtraction. The unit outward normal to the regularised boundary surface r = R is n = H −1 ∂ r , giving the extrinsic curvature term
Thus the regularised action can be written in these coordinates as
Note that this vanishes identically for the one-centred geometry, making the background subtraction trivial. Substituting in the value of the two-centred harmonic function (2.8) and expanding in powers of 1/R about 1/R = 0, we obtain the result
which vanishes in the limit R → ∞! There are several points to note here. Firstly, our choice of boundary surface differs from that of Brill [1] . The time coordinate here is chosen to be periodic, and thus the finite nonzero contributions to the action obtained from the boundary "edges" do not apply for our surfaces, and we simply obtain the vanishing action of the boundary "mantles". There are also zero contributions from the "inner" boundaries at r 1 = 0 and r 2 = 0 which are straightforward to demonstrate. We are not interested in calculating thermodynamical quantities here, so we will not compute these contributions explicitly.
Secondly, the two-centred action is zero independently of the periodicity of the time coordinate, and thus, as Brill [1] noted, one does not have to interpret this instanton as a finite temperature T = β −1 contribution to the canonical ensemble (as in the case of, for example, the Schwarzschild-AdS black hole) but can consider it as a genuine contribution at zero temperature (or infinite period β). In the Euclidean analysis, the solution which is inhomogeneous in the radial r coordinate and static in (imaginary) time, can be reinterpreted as being static in space and inhomogeneous in time (with a suitable redefinition of coordinates as in [2] ). The instanton thus describes being in an initial state (the one-centred universe) at asymptotic minus infinity, and rolling to the final state (the two-centred universe) at asymptotic plus infinity. Both the initial and final states are degenerate minima of the action of the theory -differing from the so-called "bounce" instanton solutions in which the solutions are saddlepoints and not genuine minima -and thus the quantum system is expected to be a superposition of these two states.
Thirdly, we reiterate Brill's observation in noting that to obtain a finite action it is essential that the integral can be reexpressed as a surface integral as has been done above. Since the solution is homogeneous in t, which has infinite range, the contribution to the integral from any range of t must be independent of that range, and hence can only appear as a surface integral.
Fourthly, we have taken the magnetic solution (2.10) for the field strength F 2 . We could also have chosen its electric dualF 2 . This leads to a real instanton since in addition to the Wick rotation t L → t E = it L , one analytically continues the electric charge Q L → Q E = iQ L , thus ensuring that fields which are real in Lorentzian space correspond to real fields on the Euclidean section [3] .
Finally, note that the finite action is independent of the distribution of the charges, since the action vanishes independently of the choice of harmonic function -this agrees, by taking the limit |b 1 | ≪ |b 2 |, with the result of Maldacena et al [2] where a one-centred AdS 2 × S 2 universe was shown to fragment into a macroscopic universe and a microscopic brane. This can also be viewed as brane creation by the two-form field strength F 2 with charge proportional to b 1 .
The M5 Throat Instanton
As mentioned in the introduction, one might expect that a similar instanton exists in the context of ten-or eleven-dimensional supergravity. It turns out that the simplest case to consider is the throat of the M5 brane in eleven-dimensional supergravity, since it is similarly nonsingular and couples magnetically to the three-form potential A 3 in the theory. The relevant bosonic action is
(3.1) We are interested in the solution
H is now a harmonic function on E 5 and '⋆ 5 ' is the Hodge dual on E 5 . The usual M5 brane solution is obtained by taking H = 1 + b 3 /|x| 3 where x are Cartesian coordinates on E 5 , b is a constant, and the apparent singularity at x = 0 again corresponds to a horizon. If one discards the requirement of asymptotic flatness, then one can go directly to the "throat" or near-horizon geometry AdS 7 × S 4 by setting 4) and similarly for the n-centred geometry. The constant b 3 is now proportional to the charge or the number of M5 branes located at x = 0, and determines the radius l of AdS 7 by l = 2b. We would like to evaluate the supergravity action for the two-centred AdS 7 × S 4 geometry analogously to the previous section. Choosing spherical coordinates on E 5 ,
where dΩ 2 3 is the metric on the unit 3-sphere, we can write the two-centred harmonic function as
with r 1 , r 2 defined as in (2.9). The metric equation of motion sets
As in the previous section, the bulk term can be converted into a surface integral.
Noting that
where Θ 3 = Ω 3 , the volume of the unit three-sphere, and that the Chern-Simons term vanishes for the above solution, we can rewrite the regularised action as
Introducing further upper cutoffs on the brane directions by compactifying them on a five-torus with volume V 5 , we obtain
describes the charge distribution of the configuration. This is clearly divergent in the limit R → ∞, as we expect. In order to overcome this divergence, we will perform background subtraction, choosing as our "zero-point" the one-centred action
The background-subtracted action is then
which vanishes in the large R limit only in the case that the charges are equally distributed, that is, ∆ 3 = 0, and otherwise diverges linearly in R.
How should we interpret this result? Analogously to Brill's instanton, with a suitable choice of coordinates, one can interpret the instanton as tunneling between a universe with two equally-charged centres and a universe with the same total charge, again at zero temperature. The zero-temperature interpretation is possible because AdS is nonsingular for any periodicity β of the time coordinate, including an infinite period. As we shall see below, the asymptotic boundary of two-centred AdS 7 × S 4 in the case b 3 1 = b 3 2 matches exactly to the boundary of one-centred AdS 7 × S 4 with charge b 3 = b 3 1 + b 3 2 , and thus the background subtraction is well-defined. This is not the case when b 3 1 = b 3 2 , where the background subtraction calculation must be taken with caveats. This means that although the above calculation suggests that no instanton exists which interpolates between a two-centred spacetime with b 3 1 = b 3 2 and the onecentred geometry, we cannot conclusively assert this without applying a better-defined procedure such as the use of counterterms. Nevertheless, note that the result from background subtraction is consistent with the analysis of [2] in which the special case |b 1 | ≪ |b 2 | is considered. Here they find that fragmentation of a supersymmetric AdS universe into one macroscopic and one microscopic part, or the creation of a brane with charge given by b 1 , is allowed only for AdS 2 , but not for higher-dimensional AdS spaces.
The Need for Counterterms
Let us examine in more detail how closely the boundary geometry of two-centred AdS p+2 × S D−p−2 matches that of the one-centred space, so that we can determine in which cases background subtraction can be faithfully applied. We will analyse this briefly for AdS 2 ×S 2 and AdS 7 ×S 4 , then outline the counterterm technique and discuss its applicability to the M5 throat instanton action.
Boundary Matching in Background Subtraction
For AdS 2 × S 2 , the induced metric on the boundary is
in the limit R → ∞, and where H in the above equation is understood to be a function of the regulatory constant R rather than the coordinate r. The S 2 radius for twocentred AdS 2 × S 2
tends exactly to the one-centred S 2 radius b at the boundary, provided that charge conservation holds, that is, b 1 + b 2 = b. Note that R 1 , R 2 are defined as r 1 , r 2 in (2.9) with r replaced by R. However, the scale factor of the worldvolume coordinates
does not match asymptotically, where ∆ 1 is defined as in (3.8) . The leading order term agrees with the one-centred value of R 2 /b 2 (with charge conservation), but one is left with non-vanishing terms for any value of ∆ 1 , that is, regardless of charge distribution! Despite this non-matching, however, the results in section 2 suggest that background subtraction still reproduces the correct result. We shall see in a few paragraphs that this is indeed the case.
Let us now turn to AdS 7 × S 4 . Here the boundary metric is
in the limit R → ∞. The S 4 radius for two-centred space matches that for the onecentred space in the boundary limit. 3 The worldvolume scale factor
again does not in general match asymptotically, except if ∆ 3 = 0, that is, when b 3 1 = b 3 2 ! For unequal distributions, however, one is left with a finite term which renders the background subtraction procedure untrustworthy. So although the results of section 3 imply that no instanton exists for a two-centred spacetime with b 3 1 = b 3 2 , we cannot state this definitively without applying a better-defined procedure. Such a procedure is, as mentioned in the introduction, counterterm subtraction.
Counterterms and the M5 Throat Instanton
Counterterm subtraction has been employed successfully to calculate gravitational actions and thermodynamics of black holes such as the Taub-NUT-AdS, Taub-Bolt-AdS [10] , and Kerr-AdS [16] , for which the appropriate reference background was either unknown or ambiguous. In each of these cases, background subtraction provided a good approximation to the results obtained using counterterms, in some cases coinciding.
The idea behind this technique is as follows. The AdS/CFT correspondence equates the partition functions of the two theories. In the low energy limit, one can thus use the supergravity action in string theory to calculate the generating functional of the conformal field theory on the boundary. It turns out that the divergences which appear in the gravitational action are local integrals on the boundary [13] , and thus can be removed by subtracting local surface counterterms. The form of these counterterms has been developed in [8, 9] . In particular, the counterterms to the purely gravitational action are (for 0 ≤ p ≤ 5) [10]
where M is the asymptotically AdS p+2 space, R is the Ricci scalar of the induced metric h on the boundary ∂M, and I log is a logarithmically divergent term corresponding to the conformal anomaly [8] which only contributes in dimensions for which p is odd. Notice that no counterterms are necessary for p = 0, which corresponds to the action for the Brill instanton. The action above should be read such that for p = 1 only the first term is included, for p = 2, 3 only the first two terms are included, and for p = 4, 5 all three terms are included. In addition, for odd values of p there is a contribution from the logarithmic term I log . Recall that l is the radius of AdS. For the AdS 7 × S 4 instanton, the relevant counterterm action is
since l = 2b for the AdS 7 ×S 4 metric (3.2). As a first check we compute the counterterms for the one-centred AdS 7 × S 4 action. Since the boundary of AdS 7 is Ricci-flat, we have that I log vanishes [8] and
To uplift to eleven dimensions we simply use that κ 2 11 = κ 2 7 b 4 Ω 4 , giving
which is exactly the value of the one-centred AdS 7 × S 4 action obtained in (3.9), as we expect.
The counterterms presented in (4.6) arise from including a source for the stressenergy tensor in the dual conformal field theory, that is, they only cancel divergences corresponding to the purely gravitational action. However, the supergravity action (3.1) also contains matter coupled to gravity in the form of the field strength F 4 . One might wonder if additional counterterms are necessary. To check this, one should first determine which seven-dimensional fields correspond to the eleven-dimensional F 4 . This can be done since the Kaluza-Klein truncation of eleven-dimensional supergravity to maximally gauged supergravity in seven dimensions with gauge group SO(5) has been shown to be consistent in [17] . One should then apply the counterterm criterion for the seven-dimensional scalar fields and other matter, which was derived in [18, 19] by turning on a source for each dual operator in the conformal field theory and following the same approach as for pure gravity. Without explicitly undertaking this procedure, however, the fact that the desired matching is obtained by adding the gravitational counterterm alone suggests that further counterterms should not be required.
We would like to compute counterterms for the two-centred action. However this is not straightforward. The reason is that the counterterms presented in [8, 9, 10] have been formulated for asymptotically AdS spacetimes. In the case that the solution of interest takes the form (asymptotically AdS p+2 ) × S D−p−2 , one can in general reduce the D-dimensional theory to (p + 2)-dimensional gauged supergravity, and find the analogous (asymptotically AdS p+2 ) solution. The counterterms which arise from the dual conformal theory living on the (p + 1)-dimensional boundary can then be applied. Unfortunately the two-centred (and in general n-centred) AdS p+2 × S D−p−2 spacetime is, as mentioned in the introduction, a warped geometry. Rather than being a direct product of an asymptotically AdS space with a sphere, it takes the form of asymptotically(AdS p+2 × S D−p−2 ). Certain asymptotically(AdS p+2 × S D−p−2 ) geometries, such as some continuous distributions of p-branes, can be consistently reduced to a solution of a (p+2)-dimensional supergravity [20, 21] . Indeed, the counterterm renormalisation technique was recently applied to such a solution in [22] . However, it is not clear to us that a discrete distribution of p-branes, as the n-centred AdS p+2 × S D−p−2 geometries describe, finds an analogue in a reduced (p + 2)-dimensional supergravity 4 , and thus it would appear that one cannot apply the counterterms, as originally formulated, to this class of solutions. An alternative which is available to us is to attempt to formulate the counterterms directly in the eleven-dimensional theory, as was carried out in [15] for the Polchinski-Strassler solutions in type IIB supergravity. We will not consider this here but leave it as a further direction to pursue.
Other Brane Throat Instantons?
In the introduction to this paper we mentioned that we expect the result for the M5 brane to hold analogously for other supersymmetric branes in ten-and elevendimensional supergravity. Here we will present preliminary results for the M2 and D3 branes using background subtraction, and a more concrete result for the D1/D5 system with a discussion on counterterms. We finish by briefly commenting on other nonconformal D branes and the NS5 brane.
The M2 and D3 Branes
Like the M5 brane, the M2 and D3 branes are nonsingular and have anti-de Sitter near-horizon geometries -AdS 4 × S 7 and AdS 5 × S 5 respectively. However, the results achieved using background subtraction have been less conclusive. The M2 throat instanton action contains a divergent term of order R 4 , while the action of the D3 throat instanton contains a divergent term of order R 2 .
Despite this, we would argue that these results cannot provide the complete picture, and that if we are able to apply a suitable counterterm technique as mentioned above, we should recover results analogous to that for the M5 brane. To motivate this, let us analyse whether the boundary geometries match.
The boundary metric of the two-centred AdS 4 × S 7 geometry corresponding to the two-centred M2 brane is, in the limit R → ∞,
The S 7 radius can easily be shown to match to the one-centred value, but the scale factor for the worldvolume coordinates is
where ∆ 6 is defined as in (3.8) .
For the two-centred AdS 5 × S 5 geometry corresponding to the two-centred D3 brane, we have
The worldvolume scale factor is then 2) is an exception), we see that the higher the dimension of the sphere, the higher the power of R at which the boundary geometries do not match 5 -R 0 for the four-sphere, R for the five-sphere, and R 3 for the seven-sphere. This corresponds to one power of R less than the highest order divergent term left in each of the on-shell instanton actions after background subtraction! We would therefore argue that one should not trust the results obtained from background subtraction except for the M5 brane case with two equal centres (and, of course, the Brill instanton), and that one should expect an appropriate counterterm procedure to show that analogous instantons exist for the M2 and D3 branes, at least in the cases with two equal centres.
The D1/D5 System
The D1/D5 system of type IIB supergravity is yet another with anti-de Sitter nearhorizon geometry, in this case, AdS 3 × S 3 × E 4 . The action for this system is
We are interested in the solution 6 ds 2 = H −1 ds 2 (E 2 ) + Hds 2 (E 4 (1) ) + ds 2 (E 4 (2) ), (5.6)
7)
The following is meant for arbitrary values of ∆ k ; choosing equal charge distribution ∆ k = 0 results in reducing the power of R by one, hence resulting in exact matching at the boundary for the AdS 7 × S 4 geometry with two equal centres. 6 Since the three-form field strength is self-dual and thus carries both "magnetic" and "electric" components, it will necessarily become complex in the continuation to Euclidean space. The issue of how to interpret this remains unresolved. This comment also applies to the self-dual five-form field strength in the D3 brane solution above.
The subscripts on the two E 4 spaces above are simply for clarity. Here E 2 is the space tangent to both branes, E 4 (1) is transverse to both branes, E 4 (2) transverse to the D1 branes but tangent to the D5 branes, and '⋆ 6 ' refers to the Hodge dual on the space E 2 × E 4 (1) . We will choose spherical coordinates on E 4 (1)
and compactify E 4 (2) onto a four-torus T 4 of volume V 4 . The choice of harmonic function
corresponds to the special non-dilatonic case in which the D1 and D5 brane charges are equal and proportional to b 2 , giving the metric (5.6) the geometry AdS 3 × S 3 × T 4 with b the radius of both AdS 3 and S 3 . We have chosen to study this particular case since the resulting geometry for the two-centred choice
is a direct product of asymptotically(AdS 3 × S 3 ) with T 4 . This means that we can essentially disregard the four-torus and work in six dimensions, with a geometry analogous to the previous cases we have studied above. As before, b 1 and b 2 represent the charges of the two centres, and r 1 , r 2 are defined as in (2.9). As we did in section 2 for the Brill instanton and section 3 for the M5 throat instanton, let us now calculate the two-centred AdS 3 × S 3 × T 4 Euclidean action using background subtraction. The Ricci scalar vanishes by the equations of motion. At first glance the F 2 3 term in the action also seems to vanish, since F 3 is self-dual. 7 However, we shall argue later that the self-dual field strength in fact gives a nonzero contribution to the action, using counterterms. For now we shall focus on the boundary term. Since
where Θ 3 = Ω 3 , the unit three-sphere volume, we obtain
where ∆ 2 is defined as in (3.8) and the coordinates on E 2 have been compactified onto a two-torus T 2 of volume V 2 , which will be taken to infinity after background subtraction. 8 Choosing the one-centred action
as the "zero-point", we obtain the background-subtracted action
Similarly to the M5 brane throat, the action only vanishes in the limit V 2 , R → ∞ if ∆ 2 vanishes, that is, in the case of equal charges. So, using background subtraction, there exists a zero-temperature instanton describing the splitting of one D1/D5 throat into two equally charged D1/D5 throats. Note that the background subtraction result for splitting into two throats of unequal charge distribution (∆ 2 = 0) again does not contradict the result of [2] , nor the more detailed analysis of [24] . How trustworthy is background subtraction in this case? The worldvolume coordinate scale factor for the two-centred geometry is (5.13) and does not match the one-centred value R 2 /b 2 for any value of ∆ 2 . However, we would argue, as for the Brill instanton (4.2), that the result obtained by background subtraction for the equal-centred case is correct. Perhaps it is the low dimension of the transverse sphere, and hence the low exponent of the highest divergent term in the action, which results in the correct result via background subtraction. As expounded in the previous section, the only rigorous way of calculating the action is to use counterterm subtraction, rather than background subtraction. AdS 3 corresponds to p = 1 in the action (4.5), giving the only relevant counterterms
For the one-centred AdS 3 × S 3 × T 4 spacetime, I log again vanishes and, using that
This is half the value of the one-centred AdS 3 × S 3 × T 4 action (5.12) calculated above! How do we account for this discrepancy? This seems to imply that there is a nonzero contribution from the self-dual field strength. In fact, taking
gives exactly the right contribution to agree with the counterterm result above, although it is not clear to us why this should be so. 9 If we try to apply the counterterm procedure to the two-centred spacetime, we encounter the same problems as explained in the previous section.
Nonconformal D Branes and the NS5 Brane
Although the near-horizon geometry of the supersymmetric Dp brane (p = 3) solutions of type II supergravity is only conformal to AdS p+2 × S 8−p (or E (6,1) × S 3 for p = 5), one can still apply the same analysis above by working in what is called the dual frame [25] . This is defined as the frame in which the metric and the dual (8 − p)-form field strength couple to the dilaton in the same way, and it is in this frame that all Dp branes (except for p = 5) have AdS p+2 × S 8−p as their near-horizon geometry. It has also been argued [25] that the dual frame is holographic in the sense that taking the decoupling limit of the Dp brane solution leads directly to a supergravity description, so it would be convenient to compute quantities in this frame in order to easily make statements about the corresponding conformal field theory. One final brane for which it might be interesting to perform the same analysis is the supersymmetric NS5 brane in type IIA/B supergravity. Its near-horizon geometry is no longer anti-de Sitter, rather it is S 3 × R × R 5,1 , and the string theory in the NS5 brane background is conjectured [26] to be dual to the NS5 brane worldvolume theory. This worldvolume theory, often referred to as a "little string theory", turns out to be in an appropriate limit a six-dimensional superconformal field theory with N =(2,0) for type IIA, 10 and N =(1,1) for type IIB. One can as before construct supersymmetric multi-centred near-horizon geometries, and compute the appropriate Euclidean action evaluated on these solutions.
We expect that similar results will follow for the branes discussed in this subsection, but leave this for future work. 9 One encounters a similar situation with the D3 brane. Analogously there, it appears that one should take F 2 5 = |dA 2 4 | + | ⋆ 5 dA 2 4 | as the contribution to the action. 10 This is the same (2, 0) theory dual to M theory on AdS 7 × S 4 , see [27] and references therein for further details. We thank T. Dasgupta for clarifying this point.
Speculations
In his original paper [1] , Brill conjectured the existence of an instanton which describes the fragmentation of the complete extremal Reissner-Nordström wormhole and agrees with the AdS 2 × S 2 instanton in the interior throat region. Unfortunately this has not yet been realised. Nevertheless, we would similarly conjecture that an instanton which describes the splitting of the M5 brane with two equal centres, and not just its two-centred AdS 7 × S 4 throat, also exists.
If this is true, then drawing from the analogy we made in the introduction, an interpretation would be that the exact eigenstate of the full M theory "Hamiltonian", which we label naively as corresponding to the M5 brane, is in fact a coherent superposition of the quantum states |ψ n associated to each of the n-centred M5 branes which reside in the same charge sector of the supersymmetry multiplet, so that charge conservation holds. Intuitively, one can motivate this since the BPS property of the branes means that there are no forces involved in separating them, and thus the twocentred or in general n-centred geometries with n separate stacks of branes are equally stable configurations with the same total energy. The question which remains from our analysis is whether the "M5 brane" eigenstate also superposes states which correspond to a non-uniform, or unequal, distribution of branes in the stacks, as in the case of the extremal Reissner-Nordström black hole.
What does all this imply for the dual conformal field theory? The AdS/CFT correspondence tells us that M theory on AdS 7 ×S 4 is dual to a six-dimensional N =(2,0) superconformal field theory [11] , about which little is known. Since, by the results of section 5, we expect a similar interpretation to apply to the AdS 5 × S 5 throat of the D3 brane, we will discuss, in the following paragraph, the correspondence in terms of AdS 5 × S 5 and N =4 super Yang-Mills, which is much better understood. Nevertheless, one should read the comments below as applying to any pair of anti-de Sitter space and conformal field theory related by the correspondence, in particular, to AdS 7 × S 4 and the (2, 0) superconformal field theory. Now string theory on AdS 5 × S 5 with one centre is dual to N =4 Yang-Mills at the superconformal point, where the vacuum expectation values of all the scalar fields vanish. Similarly, string theory on AdS 5 × S 5 with more than one centre (for clarity we will discuss the case of two centres) is dual to the conformal field theory at a point in its moduli space where some of the scalar fields have acquired a nonzero vacuum expectation value, hence breaking the gauge group in a manner described in [23] . That the metric on two-centred AdS 5 × S 5 interpolates between one-centred AdS 5 × S 5 at r ≈ ∞ and a two-centred geometry at r ≈ 0, corresponds to the renormalisation group (RG) flow from N =4 Yang-Mills at the superconformal fixed point in the ultraviolet to N =4 Yang-Mills at some fixed point in the infrared. 11 However, this is not what we believe the instanton on the supergravity side implies for the conformal field theory. The fact that the transition amplitude between the one-centred and two-centred AdS 5 × S 5 spaces is nonvanishing implies that the true vacuum of N =4 Yang-Mills is actually a superposition of vacua in which the scalar fields have different vacuum expectation values. This is depicted in the figure below. On the other hand, one expects the vacua above to be exact vacua of the full quantum N =4 Yang-Mills theory, and hence their superposition to be forbidden by the cluster decomposition principle. How can we understand this contradiction? One should keep in mind that the result presented in this paper was calculated in semi-classical supergravity, and that while this serves as a low-energy approximation to M theory, it may be that M theory finds some way of resolving the contradiction by suppressing the tunneling, so that the effective contribution of such instantons to the amplitude vanishes. Since the full M theory is not yet known, we believe that some as-yet-unknown symmetry not present in the low-energy supergravity description may impose a new superselection rule, preventing the tunneling process. It would be very interesting to investigate just how such a suppression might occur. Since the contradiction only arises in applying the AdS/CFT duality, one could also question if there is a subtlety in its application here. However, we are inclined to believe that the correspondence holds true, and that the tunneling will be suppressed in the full M theory. An alternate possibility is that the tunneling is instead suppressed even at the supergravity level by the presence of fermionic zero modes 12 . This issue is presently under investigation and we hope to report on it soon.
Finally, we note that the M5 brane itself in fact interpolates between AdS 7 × S 4 at the throat and Minkowski space at asymptotic infinity. One could ask: does this also have an instantonic interpretation? This can be determined using the relevant formulae in section 3. One calculates the Euclidean action of the M5 brane, then background subtracts Minkowski spacetime with the same metric but with b set to zero. Since the boundary geometries match exactly, the procedure is well-defined here. What we found is that, as expected due to charge conservation arguments, no zerotemperature transition is allowed. However, the background-subtracted action has the value 3b 3 βV 5 Ω 4 with all quantities defined as previously, which is finite for finite β. So this can be interpreted as a contribution to the canonical ensemble at temperature T = β −1 for flat space, weighted by the factor exp(−3b 3 βV 5 Ω 4 ). The Schwarzschild instanton was argued in [28] to indicate a finite (and non-zero) probability for the nucleation of a black hole in four-dimensional hot flat space. Analogously, we might interpret the above result as signalling the pair creation or nucleation of an M5 brane and antibrane in flat space at finite temperature, in order for charge conservation to hold. The amplitude would then roughly be 2 exp(−3b 3 βV 5 Ω 4 ). supported by Churchill College Cambridge and an ORS Award. This research is also partially supported by the PPARC grant PPA/G/S/1998/00613.
